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a b s t r a c t
Let θ ≥ 2 be a given real number, and a, b ∈ R be two parameters, and let
Q (x; a, b, θ) = 2
π
+ a π θ − (2x)θ + b π θ − (2x)θ 2 .
We determine the values
a = 2π
−θ−1
θ
, b =
−π2 + 4+ 4θπ−2θ−1
4θ2
,
which provide the best approximation:
sin x
x
≈ Q

x; 2π
−θ−1
θ
,
−π2 + 4+ 4θπ−2θ−1
4θ2
, θ

, 0 < x ≤ π
2
.
Furthermore, we establish a sharp Jordan’s inequality, and then apply it to improve the
Yang Le inequality.
© 2011 Published by Elsevier Ltd
1. Introduction and preliminaries
The Jordan’s inequality (see [1], p. 33)
2
π
≤ sin x
x
< 1, 0 < x ≤ π
2
(1.1)
has important applications in many areas of pure and applied mathematics. This simple inequality has motivated a large
number of research papers concerning its new proofs, various generalizations, sharpness and applications (see [2–20] and
the references cited in them).
The following sharp lower and upper bounds for the function sin xx were proved in [2,6,8,16,19]:
2
π
+ 1
π3
(π2 − 4x2) ≤ sin x
x
≤ 2
π
+ π − 2
π3
(π2 − 4x2) 0 < x ≤ π
2
. (1.2)
Recently, Zhu [20] established new sharp lower and upper bounds for the function sin xx as follows:
2
π
+ 1
π3
(π2 − 4x2)+ 12− π
2
16π5
(π2 − 4x2)2 ≤ sin x
x
≤ 2
π
+ 1
π3
(π2 − 4x2)+ π − 3
π5
(π2 − 4x2)2 (1.3)
where 0 < x ≤ π/2.
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Two analogues of the inequalities (1.2) and (1.3):
2
π
+ 2
3π4
(π3 − 8x3) ≤ sin x
x
≤ 2
π
+ π − 2
π4
(π3 − 8x3) (1.4)
and
2
π
+ 1
2π5
(π4 − 16x4) ≤ sin x
x
≤ 2
π
+ π − 2
π5
(π4 − 16x4) (1.5)
were established (see [3,4]).
In view of the inequalities (1.2)–(1.5), we now introduce the approximations family
sin x
x
≈ Q (x; a, b, θ), 0 < x ≤ π
2
, (1.6)
where
Q (x; a, b, θ) = 2
π
+ a(π θ − (2x)θ )+ b(π θ − (2x)θ )2, (1.7)
and θ ≥ 2 is a given real number, and a, b ∈ R are parameters.
The first aim of this work is to determine the values
a = 2π
−θ−1
θ
, b = (−π
2 + 4+ 4θ)π−2θ−1
4θ2
,
which provide the best approximation:
sin x
x
≈ Q

x; 2π
−θ−1
θ
,
(−π2 + 4+ 4θ)π−2θ−1
4θ2
, θ

0 < x ≤ π
2
. (1.8)
The second aim of this work is to give a unified sharpness and generalization of the above inequalities. By using the result
obtained, we improve the well-known Yang Le inequality, which is the third aim of this work.
Before stating and proving the main theorems, we first introduce here two lemmas.
Lemma 1. For all integers n ≥ 3 and all real numbers θ ≥ 2,
2

4n(4n − 1)|B2n|
(2n)!

θ2 + 3

4n(4n − 1)|B2n|
(2n)! −
4n−1(4n−1 − 1)|B2n−2|
(2n− 2)!

θ + 4
n(4n − 1)|B2n|
(2n)! ≥ 0, (1.9)
where the B2n are the Bernoulli numbers defined by
t
et − 1 =
∞−
n=0
Bn
tn
n! .
The equality in (1.9) occurs for n = 3 and θ = 2.
Proof. We first show that the inequality (1.9) is true for n = 3, 4 and θ ≥ 2. When n = 3, inequality (1.9) is
4
15
(θ − 2)2 + 7
15
(θ − 2) ≥ 0, θ ≥ 2.
When n = 4, inequality (1.9) is
34
315
(θ − 2)2 + 61
315
(θ − 2)+ 1
105
≥ 0, θ ≥ 2.
Now we are in a position to prove that the inequality (1.9) is true for n ≥ 5 and θ ≥ 2. The inequality (1.9) can be written
for n ≥ 5 and θ ≥ 2 as
(2θ2 + 3θ + 1)4
n(4n − 1)|B2n|
(2n)! > 3
4n−1(4n−1 − 1)|B2n−2|
(2n− 2)! θ. (1.10)
It is known [21, p. 805] that
2(2n)!
(2π)2n
< |B2n| < 2(2n)!
(2π)2n(1− 21−2n) , n ≥ 1. (1.11)
Therefore, in order to prove (1.10) it is sufficient to prove that.
(2θ2 + 3θ + 1)4
n(4n − 1)
(2n)!
2(2n)!
(2π)2n
> 3
4n−1(4n−1 − 1)
(2n− 2)!
2(2n− 2)!
(2π)2n−2(1− 23−2n) θ,
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or, equivalently,
2(4n − 1)(θ − 2)2 + (44− 3π
2)42n + (12π2 − 396)4n + 352
4(4n − 8) (θ − 2)
+ 3((10− π
2)42n + (4π2 − 90)4n + 80)
2(4n − 8) > 0. (1.12)
It is easy to see that (1.12) holds for n ≥ 5 and θ ≥ 2. The proof of Lemma 1 is thus complete. 
Lemma 2 ([22–24]). Let −∞ < a < b <∞, and let f , g : [a, b] → R be continuous on [a, b], and differentiable on (a, b). Let
g ′(x) ≠ 0 on (a, b). If f ′(x)/g ′(x) is increasing or decreasing on (a, b), then so are
[f (x)− f (a)]/[g(x)− g(a)] and [f (x)− f (b)]/[g(x)− g(b)].
If f ′(x)/g ′(x) is strictly monotone, then the monotonicity in the conclusion is also strict.
2. The best approximation to sin xx
Theorem 1. Let Q (x, a, b, θ) be defined by (1.7). For
a = 2π
−θ−1
θ
, b = (−π
2 + 4+ 4θ)π−2θ−1
4θ2
we have
lim
x→ π2
sin x
x − Q (x; a, b, θ)
x− π2
3 = −2(8θ2 − (3π2 − 12)θ + 4)3π4 .
Moreover, (1.8) gives the best approximation of (sin x)/x by functions Q (x, a, b, θ) near π/2, in the sense that the first and
second derivatives of (sin x)/x and of Q (x, a, b, θ) at π/2 are equal, for those values of a and b.
Proof. We write sin xx − Q (x; a, b, θ) as power series in (x− π2 ):
sin x
x
− Q (x; a, b, θ) = 2
π2
(−2+ aπ θ+1θ)

x− π
2

+ 1
π3
(−π2 + 8+ 2π θ+1θ(θ − 1)a− 4π2θ+1θ2b)

x− π
2
2
+ 2
3π4
(3π2 − 24+ 2θ(θ − 1)(θ − 2)π θ+1a− 12(θ − 1)θ2π2θ+1b)

x− π
2
3
.
+O

x− π
2
4
. (2.1)
This produces the best approximation from (2.1):−2+ aπ θ+1θ = 0,
−π2 + 8+ 2π θ+1θ(θ − 1) a− 4π2θ+1θ2b = 0
so
a = 2π
−θ−1
θ
, b = (−π
2 + 4+ 4θ)π−2θ−1
4θ2
.
Thus, we have
sin x
x
− Q (x; a, b, θ) = −2(8θ
2 − (3π2 − 12)θ + 4)
3π4

x− π
2
3 + Ox− π
2
4
,
and therefore, we obtain the assertion of Theorem 1.
Following the same method as was used in the proof of Theorem 1, we can prove the following higher approximation:
sin x
x
≈ 2
π
+ 2π
−θ−1
θ
(π θ − (2x)θ )+ (−π
2 + 4+ 4θ)π−2θ−1
4θ2
(π θ − (2x)θ )2
+ (4+ (12− 3π
2)θ + 8θ2)π−3θ−1
12θ3
(π θ − (2x)θ )3, 0 < x ≤ π
2
.  (2.2)
3. The sharp Jordan’s inequality
Theorem 2 below gives a unified sharpness and generalization of inequalities (1.2)–(1.5).
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Theorem 2. For 0 < x ≤ π/2, the following inequality:
2
π
+ 2π
−θ−1
θ
(π θ − (2x)θ )+ (−π
2 + 4+ 4θ)π−2θ−1
4θ2
(π θ − (2x)θ )2
≤ sin x
x
≤ 2
π
+ 2π
−θ−1
θ
(π θ − (2x)θ )+ ((π − 2)θ − 2)π
−2θ−1
θ
(π θ − (2x)θ )2 (3.1)
holds true for θ ≥ 2, and equality occurs for x = π/2.
Proof. For 0 < x < π/2, let
f1(x) = sin xx −

2
π
+ 2π
−θ−1
θ
(π θ − (2x)θ )

,
f2(x) = (π θ − (2x)θ )2,
f3(x) = cos xxθ −
sin x
xθ+1
+

2
π
θ+1
,
f4(x) = θ 2θ+1((2x)θ − π θ ),
and let
f (x) = f1(x)
f2(x)
=
sin x
x −

2
π
+ 2π−θ−1
θ
(π θ − (2x)θ )

(π θ − (2x)θ )2 .
Then,
f ′1(x)
f ′2(x)
= f3(x)
f4(x)
,
f ′3(x)
f ′4(x)
= 1
θ222θ+1
F(x),
where
F(x) = −x−2θ+1 sin x− x−2θθ cos x− x−2θ cos x+ x−2θ−1θ sin x+ x−2θ−1 sin x.
Differentiating and applying the following elementary power series expansions [21, p. 75]:
tan x =
∞−
n=1
22n(22n − 1)(−1)n−1B2n
(2n)! x
2n−1, |x| < π
2
,
we obtain
−x
2θ+2
cos x
F ′(x) = (2θ2 + 3θ + 1) (tan x− x)− 3θx2 tan x+ x3
= (2θ2 + 3θ + 1)

1
3
x3 +
∞−
n=3
4n(4n − 1)(−1)n−1B2n
(2n)! x
2n−1

− 3θx2

x+
∞−
n=2
4n(4n − 1)(−1)n−1B2n
(2n)! x
2n−1

+ x3
=

2
3
θ2 − 2θ + 4
3

x3 + (2θ2 + 3θ + 1)
∞−
n=3
4n(4n − 1)(−1)n−1B2n
(2n)! x
2n−1
− 3θx2
∞−
n=2
4n(4n − 1)(−1)n−1B2n
(2n)! x
2n−1
=

2
3
θ2 − 2θ + 4
3

x3 +
∞−
n=3

2

4n(4n − 1)|B2n|
(2n)!

θ2
+ 3

4n(4n − 1)|B2n|
(2n)! −
4n−1(4n−1 − 1)|B2n−2|
(2n− 2)!

θ + 4
n(4n − 1)|B2n|
(2n)!

x2n−1
> 0 for θ ≥ 2 and 0 < x < π
2
,
by using Lemma 1.
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Therefore, the functions F(x) and f ′3(x)/f
′
4(x) are strictly decreasing on (0, π/2). By Lemma 2, the function
f ′1(x)
f ′2(x)
= f3(x)
f4(x)
= f3(x)− f3

π
2

f4(x)− f4

π
2

is strictly decreasing on (0, π/2), and
f (x) = f1(x)
f2(x)
= f1(x)− f1

π
2

f2(x)− f2

π
2

is strictly decreasing on (0, π/2). And hence,
(−π2 + 4+ 4θ)π−2θ−1
4θ2
= lim
x→π/2 f (x) < f (x) =
sin x
x −

2
π
+ 2π−θ−1
θ
(π θ − (2x)θ )

(π θ − (2x)θ )2
< lim
x→0 f (x) =
((π − 2)θ − 2)π−2θ−1
θ
for all x ∈

0,
π
2

.
By rearranging terms in the last expression, Theorem 2 follows.
By taking θ = 2 in (3.1), we obtain (1.3). By taking θ = 3, 4 in (3.1), we obtain the following results. 
Corollary 1. For 0 < x ≤ π/2, we have
2
π
+ 2
3π4
(π3 − 8x3)+ 16− π
2
36π7
(π3 − 8x3)2 ≤ sin x
x
≤ 2
π
+ 2
3π4
(π3 − 8x3)+ 3π − 8
3π7
(π3 − 8x3)2 (3.2)
and
2
π
+ 1
2π5
(π4 − 16x4)+ 20− π
2
64π9
(π4 − 16x4)2 ≤ sin x
x
≤ 2
π
+ 1
2π5
(π4 − 16x4)+ 2π − 5
2π9
(π4 − 16x4)2. (3.3)
4. Application to the improvement of the Yang Le inequality
It is well-known that the Yang Le inequality plays an important role in the theory of distribution of values of functions
(see [25] for details). This inequality is stated below:
If A1 > 0, A2 > 0, A1 + A2 ≤ π and 0 ≤ µ ≤ 1, then,
cos2 µA1 + cos2 µA2 − 2 cosµπ cosµA1 cosµA2 ≥ sin2 µπ. (4.1)
By using inequality (3.1), we shall establish and prove a corollary of the Yang Le inequality.
Theorem 3. Let Ai > 0 (i = 1, 2, . . . , n) with∑ni=1 Ai ≤ π , 0 ≤ λ ≤ 1, θ ≥ 2, and let n be a natural number. Then
N(λ) ≤ (n− 1)
n−
k=1
cos2 λAk − 2 cos λπ
−
1≤i<j≤n
cos λAi cos λAj ≤ M(λ), (4.2)
where
N(λ) =
n
2
 [
2+ 2
θ
(1− λθ )+ −π
2 + 4+ 4θ
4θ2
(1− λθ )2
]2 
λ cos
λπ
2
2
,
M(λ) =
n
2
 [
2+ 2
θ
(1− λθ )+ (π − 2)θ − 2
θ
(1− λθ )2
]2
λ2.
Proof. Let
Hij = cos2 λAi + cos2 λAj − 2 cos λπ cos λAi cos λAj.
It follows from [17] that
sin2 λπ ≤ Hij ≤ 4 sin2 λ2π, 1 ≤ i < j ≤ n. (4.3)
By summing all of the inequalities in (4.3), we obtain−
1≤i<j≤n
sin2 λπ ≤
−
1≤i<j≤n
Hij ≤
−
1≤i<j≤n
4 sin2
λ
2
π,
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that is,
4
n
2

sin2
λ
2
π cos2
λ
2
π ≤ (n− 1)
n−
k=1
cos2 λAk − 2 cos λπ
−
1≤i<j≤n
cos λAi cos λAj
≤ 4
n
2

sin2
λ
2
π. (4.4)
On the other hand, it follows from the inequality (3.1), by a direct calculation, that[
1+ 1
θ
(1− λθ )+ −π
2 + 4+ 4θ
8θ2
(1− λθ )2
]
λ ≤ sin πλ
2
≤
[
1+ 1
θ
(1− λθ )+ (π − 2)θ − 2
2θ
(1− λθ )2
]
λ. (4.5)
Applying the inequality (4.5) to (4.4) leads to the desired inequality (4.2). The proof of Theorem 3 is thus complete. 
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